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We investigate the weak-interaction emission of spin-1/2 fermions from decaying (and non-
decaying) particles endowed with uniform circular motion. The decay of swirling protons and the
neutrino-antineutrino emission from circularly moving electrons are analyzed in some detail. The
relevance of our results to astrophysics is commented.
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I. INTRODUCTION
Recently [1] the decay of uniformly accelerated protons
as described from the point of view of inertial and coac-
celerated observers was used as a paradigmatic example
of the necessity of the Fulling-Davies-Unruh effect [2] to
the consistency of Quantum Field Theory. At the same
time, it was shown that in addition to its conceptual im-
portance, the decay of accelerated protons could be of
“practical” relevance to astrophysics. It was estimated
that about 1% of a bunch of protons with energy 1014 eV
would decay (through weak interaction) if they were un-
der the influence of a magnetic field of 1014 Gauss of a
pulsar [3]. The proton decay can be understood in this
case as being induced by the centripetal force acting on
the proton as it swirls around the magnetic field lines.
The estimative above was obtained, however, by using
the decay rate of uniformly accelerated protons rather
than circularly moving ones. It was argued that this pro-
cedure should lead to good approximate results as far
as the proton proper acceleration satisfies the constraint
a ≫ ∆M, 1/R, where ∆M ≡ Mn −Mp is the neutron-
proton mass difference and R is the local curvature radius
of the proton trajectory.
Thus, as a step further, it would be desirable to refine
our previous estimative by considering protons in circu-
lar motion indeed. For this purpose, here we apply the
formalism developed in Ref. [3] (designed to study the
weak-interaction emission of spin-1/2 fermions from clas-
sical and semiclassical currents) to the case of circularly
moving particles with constant velocity (hereafter de-
nominated uniformly swirling particles). We focus on the
decay of uniformly swirling protons and on the neutrino-
antineutrino emission from uniformly swirling electrons
which is also relevant in some astrophysical situations
as, e.g., in the cooling of neutron stars and in connec-
tion with high-energy neutrinos emitted from the mag-
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netosphere of pulsars [4]-[9]. We emphasize that a broad
class of interesting processes involving accelerated parti-
cles possessing well defined world lines can be analyzed
in this fashion.
The paper is organized as follows: In Sec. II we present
the main results which will be useful for our purposes.
In Sec. III we explicitly evaluate the fermion emission
rate and radiated power from uniformly swirling parti-
cles, where we assume Minkowski spacetime with metric
components ηµν = diag(+1,−1,−1,−1) associated with
the usual inertial coordinates (t,x). In Sec. IV we an-
alyze in detail the decay of uniformly swirling protons
and comment on its potential importance to astrophysics.
Sec. V is dedicated to analyze the neutrino-antineutrino
emission from uniformly swirling electrons. We dedicate
Sec. VI to our final discussions. We adopt natural units
c = ~ = 1 throughout this paper unless stated otherwise.
II. FORMALISM
Let us consider the following class of processes
p1 → p2 f1 f¯2 , (2.1)
where a fermion-antifermion pair f1-f¯2 is emitted as the
particle p1 is supposed to evolve into the particle p2. The
f1, f¯2, p1, and p2 rest masses are m1, m2, M1, and M2,
respectively. We will be interested here in cases where
m1,m2 ≪ M1,M2. The fermion emission will be as-
sumed not to change significantly the four-velocity of
p2 with respect to p1. This is called “no-recoil condi-
tion”, which is verified when the momentum of the emit-
ted fermions (with respect to the inertial frame instanta-
neously at rest with particle p1) satisfies |k| ≪M1, M2.
Because m1,m2 ≪ M1,M2, this implies that the energy
of each emitted fermion satisfies ω ≪ M1, M2. As the
typical energy ω of the emitted fermions is of the order of
the proper acceleration a of the particle p1, the no-recoil
condition can be recast as [3]
a≪M1, M2 . (2.2)
2The particles p1 and p2 will be seen as distinct en-
ergy eigenstates |p1〉 and |p2〉, respectively, of a two-level
system. The associated proper Hamiltonian Hˆ0 of the
particle system satisfies, thus,
Hˆ0 |pj〉 =Mj |pj〉 , j = 1, 2 . (2.3)
Hence, we describe our pointlike particle system by the
semiclassical (vector) current
jˆµ(x) = qˆ(τ) [uµ(τ)/u0(τ)] δ3[x− x(τ)] , (2.4)
where xµ(τ) is the classical world line associated with the
particle system p1-p2, u
µ(τ) ≡ dxµ/dτ is the correspond-
ing four-velocity, and qˆ(τ) ≡ eiHˆ0τ qˆ0e−iHˆ0τ , where qˆ0 is a
self-adjoint operator evolved by the one-parameter group
of unitary operators Uˆ(τ) = e−iHˆ0τ .
Each emitted fermion will be associated with a spino-
rial field written as
Ψˆ(x) =
∑
σ=±
∫
d3k
[
bˆkσψ
(+ω)
kσ (x) + dˆ
†
kσψ
(−ω)
−k−σ(x)
]
,
(2.5)
where bˆkσ and dˆ
†
kσ are annihilation and creation oper-
ators of fermions and antifermions, respectively, with
three-momentum k = (kx, ky, kz), energy ω =
√
k2 +m2
and polarization σ, and ψ
(+ω)
kσ and ψ
(−ω)
kσ are positive
and negative frequency solutions of the Dirac equation
iγµ∂µψ
(±ω)
kσ −mψ(±ω)kσ = 0.
Next, we minimally couple the spinorial fields Ψˆ1 and
Ψˆ2 (associated with the two emitted fermions f1-f¯2,
respectively) to our semiclassical current jˆµ (that de-
scribes the particle system p1-p2) according to the weak-
interaction action [10]-[11]
SˆI =
∫
d4x jˆµ{ ˆ¯Ψ1γµ(cV − cAγ5)Ψˆ2
+ˆ¯Ψ2γ
µ(cV − cAγ5)Ψˆ1} , (2.6)
where cV = cA = 1 in the cases here analyzed.
The transition amplitude for the process (2.1) at the
tree level is given by
Aσ1σ2
k1k2
= 〈p2| ⊗ 〈f1k1σ1 , f¯2k2σ2 | SˆI |0〉 ⊗ |p1〉 , (2.7)
and the differential transition probability is
dPp1→p2
d3k1d3k2
=
∑
σ1=±
∑
σ2=±
|Aσ1σ2
k1k2
|2 , (2.8)
which leads to (see Ref. [3] for details)
dPp1→p2
d3k1d3k2
=
2 G2eff
(2π)6ω1ω2
∫ +∞
−∞
dτ
∫ +∞
−∞
dτ ′ei∆M(τ−τ
′) ei(k1+k2)
λ[x(τ)−x(τ ′)]λ
×
{[
2k
(µ
1 k
ν)
2 + iǫ
µναβk1αk2β
]
uµ(τ)uν(τ
′)− kα1 k2αuµ(τ)uµ(τ ′)
}
, (2.9)
where ǫµανβ is the totally skew-symmetric Levi-Civita
pseudo-tensor (with ǫ0123 = −1), k(µ1 kν)2 ≡ (kµ1 kν2 +
kν1k
µ
2 )/2, ∆M ≡ M2 −M1 and Geff ≡ |〈p2|qˆ0|p1〉| is the
effective coupling constant.
In those situations where the particle is accelerated
by a background electromagnetic field, a full quantum-
mechanical investigation would be, in principle, possible.
In this case, any recoil effects associated with the fermion
emission would be automatically taken into account. For
instance, in Ref. [12] the quasiclassical approach was de-
veloped to consider γ-synchrotron radiation from an elec-
tron immersed in a classical background magnetic field
with intensity H ≪ H0 = 4.4 × 1013 Gauss with the
electron Lorentz factor satisfying γ ≫ 1. A similar ap-
proach was applied to the neutrino-antineutrino emis-
sion in Sec. 6.1 of Ref. [13]. Another very promising ap-
proach, which could be adapted to the present case, was
recently developed by Higuchi who investigated the radi-
ation reaction effect on accelerated charges in the context
of Quantum Field Theory [14]. In this vein, further devel-
opments of our formalism to naturally take into account
back-reaction effects would be welcome. In spite of this,
our semiclassical approach has the advantage of being ap-
plicable to a quite general class of processes irrespective
to the acceleration source origin: electromagnetic, gravi-
tational or some other one. Moreover, it agrees with the
full quantum mechanical treatment used in the aforemen-
tioned cases when the no-recoil condition is satisfied (i.e.,
χ ≪ 1 in Refs. [12]-[13]). Hence, our approach and the
other ones in the literature [4]-[14] should be seen as
complementing each other.
III. UNIFORMLY SWIRLING CURRENTS
The world line of a particle with uniform circular mo-
tion with radius R and angular velocity Ω, as defined
by observers at rest in an inertial frame associated with
inertial coordinates (t,x), is
xµ(τ) = (t , R cos(Ωt) , R sin(Ωt) , 0) , (3.1)
3and the corresponding four-velocity is
uµ(τ) = γ (1 , −RΩ sin(Ωt) , RΩcos(Ωt) , 0) , (3.2)
where γ ≡ (1 − R2Ω2)−1/2 = constant is the Lorentz
factor (v ≡ RΩ < 1), t = γτ , and a = √−aµaµ = RΩ2γ2
is the proper acceleration.
In order to decouple the integrals in Eq. (2.9), we define
new coordinates,
σ ≡ γ(τ − τ ′)/2 and s ≡ γ(τ + τ ′)/2 , (3.3)
and perform the change in the momentum variable
kµ 7→ k˜µ = (ω˜ , k˜) , (3.4)
where
ω˜ = ω ,
k˜x = kx cos(Ωs) + ky sin(Ωs) ,
k˜y = −kx sin(Ωs) + ky cos(Ωs) ,
k˜z = kz ,
which consists of a rotation by an angle Ωs around the kz
axis. Hence, we obtain from Eq. (2.9) the following tran-
sition rate per momentum-space element of each emitted
fermion:
dΓp1→p2
d3k˜1d3k˜2
=
2 γ G2eff
(2π)6ω˜1ω˜2
∫ +∞
−∞
dσ exp
[
i
(
∆Mσ/γ + (k˜1 + k˜2)
µXµ(σ)
)]
×
[
(ω˜1ω˜2 + k˜1 · k˜2)−R2Ω2(k˜x1 k˜x2 − k˜y1 k˜y2 ) + R2Ω2(ω˜1ω˜2 − k˜z1 k˜z2) cos(Ωσ )
− 2RΩ (ω˜1k˜y2 + ω˜2k˜y1 ) cos(Ωσ/2 ) + 2 i RΩ (k˜1 × k˜2)x sin(Ωσ/2 )
− i R2Ω2 (ω˜1k˜z2 − ω˜2k˜z1) sin(Ωσ )
]
, (3.5)
where Γp1→p2 ≡ γ dPp1→p2/ds is the transition proba-
bility per proper time and
Xµ(σ) ≡ (σ , 0 , 2R sin(Ωσ/2) , 0) .
In order to calculate the transition rate
Γp1→p2 ≡
∫
d3k˜1
∫
d3k˜2
dΓp1→p2
d3k˜1d3k˜2
, (3.6)
it is convenient to use Eq. (3.5) to rewrite Eq. (3.6) as
Γp1→p2 =
2 γ G2eff
(2π)6
∫ +∞
−∞
dσ ei ∆M σ/γGµνA
µν , (3.7)
where
Gµν ≡ − ∂I1
∂Xµ
∂I2
∂Xν
(3.8)
with
Il ≡
∫
d3k˜l
ei k˜
λ
l Xλ
ω˜l
, l = 1, 2 , (3.9)
and ω˜l =
√
k˜
2
l +m
2
l , and
Aµν =
 1 +R
2Ω2 cos(Ωσ) 0 −2RΩcos(Ωσ/2) −iR2Ω2 sin(Ωσ)
0 1−R2Ω2 0 0
−2RΩcos(Ωσ/2) 0 1 +R2Ω2 2iRΩ sin(Ωσ/2)
iR2Ω2 sin(Ωσ) 0 −2iRΩ sin(Ωσ/2) 1−R2Ω2 cos(Ωσ)
 . (3.10)
In order to integrate Eq. (3.9), we introduce spherical co-
ordinates in the momenta space (k˜l ∈ R+, θ˜l ∈ [0, π], φ˜l ∈
[0, 2π)), where k˜xl = k˜l sin θ˜l cos φ˜l, k˜
y
l = k˜l sin θ˜l sin φ˜l,
and k˜zl = k˜l cos θ˜l. By doing so, we obtain
Il =
4π
|X|
∫ +∞
ml
dω˜le
iω˜lX
0
sin
[√
ω˜2l −m2l |X|
]
,
where |X| ≡ √−XiX i . Next, by redefining the fre-
4quency variable as ω˜l ≡ ml cosh ξ, we obtain
Il =
−2πiml
|X|
∫ +∞
−∞
dξeiml(X
0 cosh ξ+|X| sinh ξ) sinh ξ.
Now, we perform the change of variable ξ 7→ η ≡ eξ,
leading to
Il =
iπml
|Y|
∫ +∞
0
dη(η−2 − 1) exp
[
iml(Y
0 + |Y|)η
2
+
iml(Y
0 − |Y|)
2η
]
, (3.11)
where we have introduced a small positive regulator ǫ > 0
in the integral as follows:
Xµ 7→ Y µ = (X0 + iǫ,X1, X2, X3) .
(Note that |Re(Y 0)| = |X0| > |X| = |Y|.) Then, by
using expressions (3.471.11) and (8.484.1) of Ref. [15],
we obtain
Il =
−2 π2 i mlsign(σ)√
YµY µ
H
(1)
1
(
sign(σ)ml
√
YµY µ
)
,
(3.12)
where H
(1)
µ (z) is the Hankel function of the first kind. As
a result, by making the variable change σ 7→ λ ≡ −aσ/γ
and by defining Zµ ≡ (a/γ)Y µ, the transition rate (3.7)
can be cast in the form (see also expression 8.472.4 in
Ref. [15])
Γp1→p2 =
G2effm˜
4
1m˜
4
2a
5γ4
8π2
∫ +∞
−∞
dλ e−i ∆˜M λZµZνAµν
H
(1)
2 (z1)
z21
H
(1)
2 (z2)
z22
, (3.13)
where we have defined m˜l ≡ ml/a, ∆˜M ≡ ∆M/a, ǫ′ ≡ aǫ/γ ≪ 1, zl ≡ −m˜lγsign(λ)
√
ZλZλ , and where Z
µ =
(−λ+ iǫ′, 0,−(2Ra/γ) sin(Ωλγ/2a), 0) with
Aµν =
 1 +R
2Ω2 cos(Ωγλ/a) 0 −2RΩcos(Ωγλ/2a) iR2Ω2 sin(Ωγλ/a)
0 1−R2Ω2 0 0
−2RΩcos(Ωγλ/2a) 0 1 +R2Ω2 −2iRΩ sin[Ωγλ/2a]
−iR2Ω2 sin(Ωγλ/a) 0 2iRΩ sin[Ωγλ/2a] 1−R2Ω2 cos(Ωγλ/a)
 . (3.14)
It is not easy to integrate Eq. (3.13) in general. Notwith-
standing, we will be interested in the physically relevant
regime where m˜l ≪ 1. In this limit, Eq. (3.13) can be
cast in a more suitable form by using the following ex-
pansion for the Hankel function [15]:
H
(1)
2 (zl) ≈ −
4i
πz2l
− i
π
+O(z2l ln zl) for |zl| ≪ 1 . (3.15)
We note that for |λ| large enough, |zl| > 1, in which case
the expansion (3.15) ceases to be a good approximation.
[For instance, for γ2 ≫ 1/m˜l ≫ 1, we have that |zl| > 1
for |λ| ≥ 1/√12m˜l (l = 1, 2), while for 1/m˜l ≫ γ2 ≫ 1,
we have that |zl| > 1 for |λ| ≥ 1/(γm˜l).] Notwithstand-
ing, this will not be important because the error commit-
ted in this region will be small to affect the final result
provided that m˜l ≪ 1. Hence we write Eq. (3.13) in the
form
Γp1→p2 ≈ −G
2
effa
5
8π4
∫ +∞
−∞
dλ e−i ∆˜M λ
ZµZνA(µν)
(ZλZλ)2
×
(
16
γ4(ZλZλ)2
+
4(m˜21 + m˜
2
2)
γ2ZλZλ
)
, (3.16)
where
ZλZ
λ = (λ− iǫ′)2 − (2Ra/γ)2 sin2(Ωλγ/2a) . (3.17)
Eventually, Eq. (3.16) can be seen as the expansion of
the reaction rate up to second order in m˜l ≪ 1. In order
to solve this integral, we expand ZλZλ for relativistic
swirling particles [16]-[17], i.e., γ ≫ 1 (recall that R =
v2γ2/a, Ω = a/(vγ2), and v =
√
1− γ−2):
ZλZ
λ ≈ 1
12 γ2
(λ + i
√
3A+)(λ + i
√
3A−)(λ − i
√
3B+)
×(λ− i
√
3B−) , (3.18)
where
A∓ ≡ 1∓
√
1 + 2ǫ˜/
√
3
and
B∓ ≡ 1∓
√
1− 2ǫ˜/
√
3
with ǫ˜≪ 1. For |λ| & 2vγ, where the expansion ceases to
be a good approximation, the integral contributes very
5little again and, thus, will not have any major influence
in the final result. Thus, the integral in Eq. (3.16) can
be rewritten in the complex plane:
Γp1→p2 ≈ −G
2
effa
5
8π4
∮
C
dλ e−i ∆˜M λ
ZµZνA(µν)
(ZλZλ)2
×
(
16
γ4(ZλZλ)2
+
4(m˜21 + m˜
2
2)
γ2ZλZλ
)
, (3.19)
where the complex integration path, given by C ≡
(−L,L) ∪ {L eiθ, θ ∈ [−π, 0]} with L → ∞, is counter-
clockwise oriented. This expression, then, can be per-
formed by using residues. We present below the results
obtained for the leading term in γ [18]:
Γp1→p2 ≈ G
2
effa
5 exp(−2√3∆˜M)
1728π3
(
49
√
3 + 102∆˜M + 30
√
3∆˜M
2
+ 12 ∆˜M
3
−39
√
3 (m˜21 + m˜
2
2)− 90 ∆˜M (m˜21 + m˜22) −36
√
3 ∆˜M
2
(m˜21 + m˜
2
2)
)
, (3.20)
where we recall that this is valid for m˜1, m˜2 ≪ 1 and
γ ≫ 1.
Next, we calculate the radiated power in form of each
fermion,
W p1→p2l ≡
∫
d3k˜1
∫
d3k˜2 ω˜l
dΓp1→p2
d3k˜1d3k˜2
, (3.21)
where the index l = 1, 2 is used to distinguish which
fermion we are referring to. We write Eq. (3.21) as
W p1→p21 =
2 G2eff
(2π)6
∫ +∞
−∞
dσ ei ∆M σ/γHµνA
µν , (3.22)
where we have chosen (with no loss of generality) l = 1,
i.e., we are computing the radiated power associated with
the fermion with mass m1. Here
Hµν ≡ − ∂J1
∂Xµ
∂I2
∂Xν
, (3.23)
J1 ≡
∫
d3k˜1e
i k˜λ1Xλ , (3.24)
and I2 is given by Eq. (3.9). By following the same steps
used to integrate Il, which allowed us to reach Eq. (3.12),
we obtain
J1 =
2 π2m21 Y0
YµY µ
H
(1)
2
(
sign(σ)m1
√
YµY µ
)
. (3.25)
As a result, by making again the variable change σ 7→
λ ≡ −aσ/γ and by defining Zµ ≡ (a/γ)Y µ, the emitted
power (3.22) can be cast in the form (see also expression
8.472.4 in Ref. [15])
W p1→p21 =
G2effm˜
4
1m˜
4
2γ
2a6 i
8π2
∫ +∞
−∞
dλ e−i ∆˜M λ
H
(1)
2 (z2)
z22
×
[
H
(1)
3 (z1)
z31
m˜21γ
2Z0ZµZνA(µν) −
H
(1)
2 (z1)
z21
η0µZνAµν
]
, (3.26)
where we recall that zl, Z
µ and Aµν are the same ones
defined below Eq. (3.13). In order to perform this integral
in the limit m˜l ≪ 1, we use the approximation (3.15) and
(see Ref. [15])
H
(1)
3 (zl) ≈ −
16i
πz3l
− 2i
πzl
− zli
4π
+O(z3l ln zl) (3.27)
for |zl| ≪ 1. Then, by letting Eqs. (3.15) and (3.27) in
Eq. (3.26), we can perform the remaining integral in the
complex plane along the path C ≡ (−L,L) ∪ {L eiθ, θ ∈
[−π, 0]} with L→∞, as for the reaction rate, and obtain
the emitted power W p1→p21 . We present below the result
for the leading term in γ (see Ref. [18]):
6W p1→p21 ≈
G2effa
6e−2
√
3 ∆˜M
3456π3
[
320 + 241
√
3 ∆˜M + 246∆˜M
2
+ 46
√
3 ∆˜M
3
+ 12∆˜M
4 − 48(m˜21
+5m˜22)− 3
√
3∆˜M(17m˜21 + 65m˜
2
2)− 18∆˜M
2
(5m˜21 + 13m˜
2
2)− 24
√
3∆˜M
3
(m˜21 + 2m˜
2
2)
]
(3.28)
FIG. 1: The proton mean proper lifetime τ is plotted as a
function of its proper acceleration a, where we have assumed
γ = 100. The result is not a very sensitive function of γ
provided that γ ≫ 1. τ ∝ 1/a5 for sufficiently large a.
where we recall that this is valid for m˜1, m˜2 ≪ 1 and γ ≫
1. Clearly,W p1→p22 is obtained by permutingm1 ←→ m2
in Eq. (3.28).
IV. PROTON DECAY
Seemingly, Ginzburg and Syrovatskii [19] were the first
ones to comment about the decay of noninertial protons,
but only recently Muller [20] presented the first estima-
tive for the decay rate of the inverse β-decay
p→ n e+ ν (4.1)
by assuming that all the particles were scalars. Further,
the authors used the semiclassical approach (where the
leptons are described by fermionic fields indeed) to cal-
culate the decay rate for uniformly accelerated protons.
Here we analyze the case of swirling protons, which can
model high-energy protons moving in the magnetosphere
of a pulsar.
The effective coupling constant for the inverse β-decay,
Geff = Gpn, is obtained by imposing that the mean
proper lifetime of inertial neutrons be 887 s [21], i.e.,
Γn→pin ≡ Γn→p(Ω→ 0) = ~/(887 s) . (4.2)
Of course, we cannot use our expression (3.19) in this
case since it is not valid when a < me. Fortunately,
FIG. 2: W
e
+ and Wν are plotted as functions of the proton
proper acceleration with solid and dashed lines, respectively.
Although we have assumed γ = 100 in the numerical calcula-
tion, the result is not a very sensitive function of γ provided
that γ ≫ 1.
however, Γn→p can be integrated for inertial neutrons
directly from Eq. (3.6) by making Ω = 0 in Eq. (3.5).
This is achieved by a change of the momentum variables
as shown in Eq. (3.4). After performing the correspond-
ing integrations in the angular coordinates and in ω˜e, we
obtain
Γn→pin =
G2pn
π3
∫ ∆M−me
0
dω˜ν ω˜
2
ν (∆M − ω˜ν)
×
√
(∆M − ω˜ν)2 −m2e , (4.3)
where we have assumed mν = 0. By evaluating nu-
merically Eq. (4.3) with me = 0.511 MeV and ∆M =
(mn − mp) = 1.29 MeV, we end up with Γn→pin =
1.81 × 10−3 G2pn MeV5. As a result, in order to fit
Eq. (4.2), we must set Gpn = 1.74 GF , where
GF ≡ 1.166 × 10−5 GeV−2 is the Fermi coupling con-
stant [21]. This phenomenological procedure has the ad-
vantage of by passing any uncertainties on the influence
of the nucleon inner structure.
Now we are able to use Eq. (3.19) to plot the proton
mean proper lifetime τ(a) = 1/Γp→n (see Fig. 1). We
have plotted the proper lifetime τ(a) rather than the lab-
oratory lifetime t(a) in order to make it easier the com-
parison of this figure with Fig. 1 in Ref. [3]. [We have
only considered accelerations a ≪ mp = 938 MeV in
order to respect our no-recoil condition (2.2).] We no-
tice that swirling protons decay somewhat faster than
7uniformly accelerated protons with the same proper ac-
celeration a. We also exhibit how much energy is carried
out in form of electrons and neutrinos as calculated in
Sec. II, by plotting the emitted powers Wl for l = e
+, ν
in Fig. 2.
Astrophysics seems to provide suitable conditions for
the observation of the decay of accelerated protons. Let
us consider a cosmic ray proton with energy Ep = γmp ≈
1.6 × 1014 eV under the influence of a magnetic field
B ≈ 1014 Gauss of a pulsar. Protons under these condi-
tions have proper accelerations of aB = γeB/mp ≈ 110
MeV ≫ me. For these values of Ep and B, the proton is
confined in a cylinder with typical radius R ≈ γ2/aB ≈
5 × 10−3 cm ≪ lB, where lB is the typical size of the
magnetic field region. By using Eq. (3.19), we obtain
that such protons would have a “laboratory” mean life-
time of tp = γτ ≈ 1.2 × 10−2 s. Thus, under such
conditions, protons rapidly decay. For lB ≈ 107 cm, we
obtain that about |∆Np/Np| ≈ (1 − e−lB/tp) ≈ 2.7% of
a bunch of protons would decay in this way. Hence our
original estimative achieved by assuming uniformly ac-
celerated protons was roughly correct but still 2.7 times
smaller than this more precise value. We note that we did
not take into account the influence of the magnetic field
on the emitted positron. Clearly a more precise estima-
tive should take into account this effect as well as other
ones as, e.g., the non-uniformity of the magnetic field and
energy losses through electromagnetic synchrotron radi-
ation. The latter, in particular, may not be a problem
since extra energy may be furnished to the proton from
dynamo processes. A comprehensive analysis of such as-
trophysical issues will be discussed elsewhere.
V. NEUTRINO EMISSION FROM
UNIFORMLY SWIRLING ELECTRONS
Let us, now, consider the emission of neutrino- antineu-
trino pairs from accelerated electrons,
e− → e− νe ν¯e , (5.1)
and compare our results in the proper limit with the ones
in the literature obtained in the particular case where
the electrons are quantized in a background magnetic
field [4]-[9].
The emission rate and the total radiated power of
neutrino-antineutrino pairs can be calculated from the
Sec. IV results by assuming ∆M = mν = 0:
Γνν¯ =
√
3 G2eν a
5
3458π3
(
98 + 31/γ2
)
+O(γ−4) (5.2)
and
Wνν¯ = G
2
eν a
6
135π3
(
25 + 7/γ2
)
+O(γ−4) , (5.3)
where Geν is the corresponding effective coupling con-
stant.
FIG. 3: The emission rate of νe-ν¯e pairs is plotted for a ≤ me
and γ = 100.
FIG. 4: The total νe-ν¯e radiated power is plotted for a ≤ me
and γ = 100.
In order to determine the value of Geν , we compare
Eq. (5.3) with the neutrino-antineutrino radiated power
obtained in the particular case where the electron is uni-
formly swirling in a constant magnetic field B, provided
that its proper acceleration a = γeB/me ≪ me (no-recoil
condition). This can be easily calculated from the differ-
ential emission rate given, e.g., in Ref. [9] or Ref. [13] (see
Eq. (6.6) in Ref. [3] for the final result below),
WLPνν¯ =
5 (2 C2V + 23 C
2
A)
108π3
G2F m
6
eχ
6 , (5.4)
where the vector and axial contributions to the elec-
tric current are C2V = 0.93 and C
2
A = 0.25 [22], re-
spectively, and χ ≡ a/me ≪ 1. Thus, by comparing
WLPνν¯ = 1.14 × 10−2 G2F a6 with our Eq. (5.3), we ob-
tain Geν = 1.38 GF , which is 40% smaller than the one
obtained with our original estimative with uniformly ac-
celerated electrons. In Figs. 3 and 4 we plot Eqs. (5.2)
and (5.3), respectively, for swirling electrons with a ≤ me
and γ = 100. We note that for the same electron proper
8acceleration, the neutrino-antineutrino emission rate is
somewhat smaller than the one obtained for uniformly
accelerated electrons.
VI. DISCUSSION
We have investigated the weak-interaction emission of
spin-1/2 fermions from decaying (and non-decaying) uni-
formly swirling particles. As a particular application,
we have focused on the inverse β-decay of uniformly
swirling protons. We have shown that high-energy pro-
tons in background magnetic fields may have a consider-
ably short lifetime. By restricting our semiclassical cur-
rent to behave classically, i.e., by making ∆M → 0,
we were able to use our formalism to investigate the
neutrino-antineutrino pair emission from uniformly ac-
celerated electrons and compare our results with the ones
in the literature obtained by quantizing the electron field
in a background magnetic field. By comparing the re-
sults obtained for uniformly accelerated and swirling par-
ticles, we conclude that depending on the accuracy level
required, one can use directly the formulas derived for
uniformly accelerated currents to make a reasonable es-
timative for reaction rates and emitted powers associated
with processes involving accelerated particles as the ones
treated here. This may be particularly useful in some
astrophysical situations.
Finally, it is worth mentioning that the approach of
coupling a two-level system to quantized fields in order
to describe the decay of accelerated particles is by no
means restricted to weak-interaction processes. In fact,
the decaying of accelerated protons through
p→ n π+ (6.1)
can be also analyzed in this framework by coupling a two
level (scalar) system to a massive Klein-Gordon quan-
tum field describing the pion. Because this is a strong-
interaction process, the (6.1) channel dominates over the
(4.1) one when the proton acceleration is much larger
than the pion mass [23]. The same sort of approximations
can be used to investigate Eq. (6.1) but unfortunately the
results obtained are only good when the proton accelera-
tion is large enough for the pion to be assumed massless.
The development of more powerful approximations able
to investigate process (6.1) in a larger acceleration range
(including a ≈ mpi) would be welcome. A comprehen-
sive analysis of the consequences of the proton decay to
astrophysics is being considered.
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